Korean J. Chem. Eng., 25(1), 25-33 (2008)

Hydraulic-jump behavior of a thin film flowing down an inclined plane
under an electrostatic field
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Abstract—The hydraulic-jump phenomenon of a thin fluid layer flowing down an inclined plane under an electrostatic
field is explored by using a global bifurcation theory. First, the existence of hydraulic-hump wave has been found from
heteroclinic trajectories of an associated ordinary differential equation. Then, the jump behavior has been character-
ized by introducing an intensity function on the variations of Reynolds number and surfave-wave speed. Finally, we
have investigated the nonlinear stability of traveling shock waves triggered from a hydraulic jump by integrating the
initial-value problem directly. At a given wave speed there exists a certain value of Reynolds number beyond which
a time-dependent buckling of the free surface appears. Like the other wave motions such as periodic and pulse-like
solitary waves, the hydraulic-jump waves are also found to become more unstable as the electrostatic field is getting

stronger.
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INTRODUCTION

The thin film flow has a lot of applications in the engineering
fields involving heat and mass transfers due to its transfer effi-
ciency. Hence many researches for the thin film have been per-
formed experimentally and theoretically. As a thin liquid flim flows
under the action of gravity down an inclined plane, it is susceptible
to surface-wave instabilities. The theoretical study of linear stability in
a parallel thin film flow was initiated by Benjamin [1] to identify the
stability regimes along the Reynolds number. After this work many
authors have analyzed the flow stabilities based on the linear and
nonlinear theories - see for examples, Yih [2], Benney [3], Gjevik [4],
Lin [5], and Chang [6]. In addition, these kinds of works have been
steadily extended by considering the heat transfer into the thin film
[7] or by combining the effect of an electrostatic field [8]. They’ve
discussed about the instabilities of the running film flow by gravity
with the lubrication theory.

While a thin fluid layer is engaged in the engineering fields we
can often see hydraulic-jump phenomena in two limited Reynolds-
number regimes. For examples, in a small Reynolds-number flow,
that is, when a thin film flows down an inclined plane under gravity
and its flow rate is subject to sudden increase or decrease there ap-
pears a hydraulic jump on the fluid surface since the flow rate is an
increasing function of film height, and in a large Reynolds-number
case such as an effective removal of heat emitting from a hot sur-
face of heat exchanger or reactor involving an active exothermic
reaction, usually a jet of coolant is spouting from a nozzle to the
surface from which the fluid is thinly spreading out and as the flow
stream loses its inertial force away from the impinging area we see a
hydraulic jump occurring in the downstream. When the surface wave
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triggered from the jump is traveling downward it is usually called
a shock wave whose amplitude depends on its velocity. This kind
of finite-amplitude traveling wave has been characterized through
the nonlinear analysis of its model evolution equation. The hydraulic
jump acts as an another unstable factor to the flow system and hence
its analysis is desirable to understand its stability. For the Reynolds
number of order one Pumir et al. [9] examined the hydraulic-jump
phenomenon briefly on their way to seeking solitary waves running
down an inclined plane. In a moving frame steady at a certain speed
they took on heteroclinic trajectories which connect the Nusselt base
state to the thicker layer for the description of hydraulic jump from
the point of view of dynamical system theory. They also observed
a time-dependent buckling of the free surface at a specific value of
Reynolds number. Prokopiou et al. [10] described the amplitude-
velocity relationships of shocks during their analysis of long waves on
inclined films at a high Reynolds number by employing a second-
order integral boundary-layer approximation.

The application of an electrostatic field to the thin film flow has
been practically proposed to answer the feasibility of new design
concepts for a space radiator called Electrostatic Liquid Film Radi-
ator (ELFR). The first kind of ELFR concept was the plane-flow
radiator [8] as a local approximation for a radiator with a small radial
curvature. The second one was the rotating conical or tapered-disk
radiator to optimize the effective driving force and hydrostatic pres-
sure for film stability and weight minimization [11]. In addition, for
a small Reynolds-number case Kim [12] considered the electrified
thin-film plane flow in the view point of the nonlinear stability by
using a two-dimensional wave evolution and its characterized pulse-
like solitary waves. It was found the charged electrostatic field always
rendered the flow system more unstable in proportional to applied
amount of electric strength. Other applications of electric field can
be found recently in the polymer film processing to get a desirable
structure formation and pattern transfer. Schéffer et al. [13] showed
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a simple electrostatic technique to create and replicate lateral struc-
tures in polymer films on a submicrometer length scale. In addition
to this, in 2001 Schéffer et al. [14] exploited the wave pattern caused
by an electrohydrodynamic instability to get non-equilibrium pattern
formation in quasi-two-dimensional systems. Lin et al. [15] reported
a systematic characterization of structure formation at the interface
of liquid/liquid bilayers in an electric field. These researches have
used the surface deformation effect made by the electrohydrody-
namic instability.

Considering the application of an electric field to the thin film
flow we are certainly inquisitive about the wave instability caused
by an abruptly changed film thickness because the initially dislo-
cated fluid layer due to the variation of flow rate will be more dis-
turbed by the applied electric field. That is, unstable waves caused
from the hydraulic jump will be getting amplified downstream and
the charged-foil system might be sparkover and breakdown as the
waves are drastically growing up to the brim of the charged foil.
Hence, in this paper, first we explore the existence of shock waves
by using an orbit heteroclinic to a fixed point in a linearized third-
order ordinary differential equation obtained in a steady moving
frame of the evolution equation used previously by Kim [12]. Then
we examine the nonlinear behavior of traveling shock waves ob-
tained by solving the initial-value problem directly at given values
of film-height difference between up-and downstream and electric
field intensity. Here it has to be noted for an initial condition the
upstream thickness is always taken thicker than the downstream
because if the downstream would be thicker its surface-wave speed
in the streamwise direction is faster than the upstream’s one (since
the flow rate depends proportionally to the film height in our flow
system) and therefore the initially set-up steep face is stretching out
and making no traveling shock waves.
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Fig. 1. Hydraulic-jump flow system under a uniform electrostatic
field.
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EVOLUTION EQUATION
FOR A LOCAL FILM THICKNESS

The liquid layer is assumed an isothermally incompressible and
dielectric Newtonian viscous fluid whose density and viscosity are
taken o and g, respectively. It runs down an inclined plane under
the action of gravity g. Two-dimensional case will be only considered
here and the plane is assumed to make an angle £Swith the horizon-
tal, and we choose the coordinate system such that the x axis is par-
allel to the plane while the y axis is perpendicular to it (Fig. 1). Above
the liquid layer there is a vacuum whose vapor pressure is neglected.
Within the vacuum region at a distance H from the plane of length
L locates a charged foil which has the same dimension as the plane
as shown in Fig. 1. The dielectric constants of the vacuum and the
liquid layer are & and &, respectively, and the ratio is defined as
&=/, An electrostatic field from the charged foil with an electric
potential F will interact with the liquid flow through the induced
pulling-over force. Suppose that d is defined as the characteristic
thickness of the primary film flow before the hydraulic jump occurs
and employed as a scale factor for y-direction quantities, then the
parameter &=d/L will be very small if the film is thin, i.., thin relative
to the expected length scale L which is used for the nondimension-
alization of the variables in the horizontal. For convenience’s sake
the center of the plane is set x=0 and the fluid surface is taken flat
as x—>=oo, We have set the front upstream film thickness as h; to
denote the upheaved layer while the downstream is kept at one. In
this study, the Reynolds number Re is defined as

_oUd

Re i (€))
and its order keeps unity. U, is a characteristic velocity, which is
based on the maximum velocity of the basic plane flow. To meas-
ure the relative importances of surface tension o of the liquid and
gravity to the fluid inertial force, respectively, we define the capil-
lary number Ca and the Froude number Fr such as
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The basic knowledge about this 2-dimensional flow enables us to
combine Eq. (1) and Eq. (3) to get

%sinﬂzl 4

And the last dimensionless group K to consider the effect of an ap-
plied electrostatic field is set by
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The derivation of the equation ruling the evolution of film thick-
ness h(x, t) and its linear stability analysis have been already per-
formed with a perfect conductor, i.e., £>oo[12,16]. Hence, we will
use the same evolution equation of the film surface obtained by Kim
[12] except that the effect of a dimensionless dielectric constant is



Hydraulic-jump behavior of a thin film flowing down an inclined plane under an electrostatic field 27

included here, i.c.,
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where B is a cotangent of £, and the subscript means a partial de-
rivatives with respect to the variables in it. From now on we will
employ Eq. (6) to find out the hydraulic-jump shock waves and carry
out its nonlinear dynamic analysis.
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HYDRAULIC JUMP IN A MOVING FRAME

As previously mentioned, solitary waves in a falling film with or
without an electrostatic field have two types: a pulse-like wave or a
hydraulic-jump shock wave. The extended research for the pulse-
like solitary wave has already been done under the influence of an
electrostatic field [12]. In this section we are searching for a special
solution of Eq. (6) generating hydraulic-jump shock waves. Re-
minding that hydraulic-jump wave travels without change of its shape,
thus if we let the reference coordinates move at the same velocity of
the running hydraulic-jump wave, then the wave looks like a station-
ary wave. Mathematically, this moving coordinates can be expressed
as z=x—vt and then the time-dependent term in the partial differen-
tial equation is dropped out and Eq. (6) turns into a third-order or-
dinary differential equation. Here, v is the velocity of the hydraulic-
jump wave. By using chain rule in the applications of z into Eq. (6)
and then keeping the Nusselt flat film conditions far away, that is, h.
and h,, going to zero as z—>+eo, we obtain the following equation
after integrating Eq. (6) once with respect to z from —oo to oo,

ohan+ Y Ren’ - 22 (l_ )L he
2vh+h+5 Reh 4B 2K5 1 " - |h'h
(H+(__ )h)
£
1 31, _§
=13y, ™

Here the prime denotes the derivative with respect to z and we let
h(z)=1 as z—>oo.

Unlike a pulse-like solitary wave, the upstream film thickness h,
is different from the downstream and thus it has to be determined
with v. To do this, Eq. (7) has been mapped into 3 dimensional phase
space defined as (U,, U,, U;) where U,=h, U,=h"and U,=h". Hence
Eq. (7) can be transformed into

U1,=U2>
U2,=U3>
U;=Ca[1_91(1+U,+U?—%v)
1
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It is very hard to find out the phase trajectories of Eq. (8) analyti-

cally due to its nonlinearity. Therefore to seek for the phase portrait
qualitatively, we have to figure out the phase portrait of the corre-
sponding linearized system about the critical points. First, the criti-
cal points of Eq. (8) are found as

U,=U,=0, (Ul—l)(UHU,H—%v):o. ©

We find there are two kinds of critical points, i.e., (U;, U,, Uy)=(l,
0, 0) or (U,, U, U;)=(hy, 0, 0). The linearized system about the first
fixed point (U,, U,, Us)=(1, 0, 0) had already been used for the a-
nalysis of pulse-like solitary wave whose phase is homoclinic by
Kim [12]. In the second fixed point, the h; is a positive root of

h_f.+h_,.+1—§v=o, (10)

and due to this value of h, the linearized Eq. (8) around the second
critical point will show the hydraulic-jump behavior of the system.
That is, near the fixed point (h, 0, 0) the linearized system of Eq.
(8) can be expressed as
-, =
U'=[A]U, (11)
where
=4 r
U=(U,,U,Uy)",
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¢ ¢ 0
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T means the transpose of a vector. Assume A is an eigenvalue of the
Jacobian matrix [A], then the characteristic equation to determine
Ais found as

4

#=73

A= ¢ $=0. (13)

To ensure the linearized Eq. (11) shows a hydraulic jump, ¢ in Eq.
(13) always has to be negative because the eigenvalue system should
have one-dimensional stable and two-dimensional unstable mani-
folds contrary to the case of the pulse-like solitary wave [17]. If we
set 4, =20 and 4,;= ptiew with real p and @ then the A's are cer-
tainly satisfied with Eq. (13), and with 0<0 it is clear Eq. (11) really
has one-dimensional stable and two-dimensional unstable manifolds.
For 0<0, h; has to be greater than Jv/2 which can be derived from
= AA=20(0+@). In general, the two-dimensional manifold
will be connected to a two-dimensional stable manifold created by
the other critical point (U,, U,, U;)=(1, 0, 0). The trajectory joining
these two different critical points is called heteroclinic [17]. The
heteroclinic orbit is a solution describing a hydraulic-jump shock
wave with a height h, upstream and h=1 downstream. Here we will
consider h>1 (v>2) as we have already mentioned in the section
of Introduction.
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Fig. 2. (a) A hydraulic jump found with Re=7.239733328, v=2.05,
Ca=1/3,000, H=10, &2, B=5 and K=10, and (b) its hetero-
clinic orbit in three-dimensional phase space.

Fig. 2 shows the calculation result of a hydraulic jump in a mov-
ing frame by solving Eq. (8). The solution has been chased by a
shooting scheme starting from (h,, 0, 0) and adjusting Re until the
trajectory satisfies the boundary condition (U,, U,, U;)=(1, 0, 0) at
some large z. The purpose of this calculation is to seek the existence
of a hydraulic-jump wave and how the applied electrostatic field
affects it. Thus, keeping v=2.05, Ca=1/3,000, H=10, £&=2, B=5, and
K=10 fixed, we have discovered a hydraulic-jump shock wave at
Re=7.239733328 as in Fig. 2(a). Fig. 2(b) shows its 3-dimensional
phase-portrait orbit heteroclinic to its fixed points: (h; 0, 0) located
right is a source while the left (1, 0, 0) is a sink. Now in the same
manner but with no electrostatic field, i.e., K=0, we have reached
the same profile of a hydraulic5jump wave at a higher value of Reyn-
olds number, i.e., Re=8.609423022. From this calculation we have
known the applied electric strength reduces the onset Reynolds num-
ber of the hydraulic-jump wave which has the same wave speed as
in the free-charged case, that is, the electrostatic field acts as an in-
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Fig. 3. The existence of a hydraulic-jump wave is shown in a Re—
h,,.. plane with K=0 and K=10. The points (a) and (b) are
selected to show in Fig. 4 how much an electrostatic field
affects the shape and stability of a hydraulic jump as an ex-
ample where (a) for a free-charged case (K=0) and (b) for
a charged case (K=10).

1.03 //\
1.02

1.01

K =0, Re=7.365 (a)inFig.3 .7

------- K =10, Re=7.233 (b) in Fig. 3
0.99 . . : . > . . . .
0 200 400 600 800 1000

z

Fig. 4. The hydraulic-jump shock waves are plotted at points (a)
and (b) in Fig. 3.

stability on the nonlinear dynamics of a hydraulic-jump shock wave.

In order to extend the instability problem in a comprehensive
manner, we have traced more hydraulic-jump waves by varying
the Reynolds number and finally plotted the results in a h,,,, vs. Re
domain as in Fig. 3. Fig. 3 supports our expectation of the hydrau-
lic-jump instability, that is, the higher Re at both K=0 and K=10,
the more unstable, and at a fixed Re the flow with K=10 (exist-
ence of electrostatic force) also shows more instability than with
K=0 (free charge). The points (a) and (b) in Fig. 3 are selected to
show in Fig. 4 how much an electrostatic field affects the shape and
stability of a hydraulic jump as an example where (a) for a free-
charged case (K=0) and (b) for a charged case (K=10). Here we
have noted the searching scheme for the heteroclinic orbit is tricky
because it is very sensitive to the parameters. Hence we have adopted
slightly different Re values (at which it is available to construct the
heteroclinic orbits) to compare the shapes of a hydraulic-jump shock
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wave as in Fig. 3.
INTENSITY OF A HYDRAULIC-JUMP WAVE

In the previous section the existence condition and the shape of
a hydraulic-jump wave have been identified by finding out a het-
eroclinic trajectory. Now in this section we will discuss about the
behavior of hydraulic-jump shock wave more analytically. To do
this we first integrate Eq. (7) divided by h’ once with z from —eo to
oo, and the result is

f h- l(h +h+1——v)dz
I 2

41 _ ___(1_) b
5[4 Reh’ 4Bh = 1hL_0. (14)

Here H+(1/&-1)h approximates to H since H>>h. By letting Ah=
h~1, finally Eq. (14) is transformed into

h—1(,, 3
IZI_N-—}?‘—O'I +h+1—§V)dZ
= lRe[4(Ah)+6(Ah)2+4(Ah)3+(Ah)4]

+ (Ah)(— Q—K(— —1) ) (15

We have set the integral form by I and we will call it an intensity
of the hydraulic jump because it represents another form of surface-
wave momentum. Since (1/&-1)<0, the only factor that makes I
negative is B. With larger £ (or smaller B), the value of T grows
bigger, and finally with /=72 (i.e., vertically falling film), i.e., there
is no gravity component contributing to the flow stability, the hydrau-
lic-jump wave will reach to its maximum value of intensity if the
other parameters are fixed. From this fact, we know again that B is
acting as a stability while Re and K terms make the flow unstable.
The greater I the flow retains, the more unstable shock waves will
show up. Another aspect of this intensity is that it is a linear func-
tion of Re with its slope determined only by Ah and its intercept by
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Fig. 5. Equi-intensity lines in Re—v plane which are calculated from
Eq. (16) with K=10, H=10, &2 and B=5.

an applied electrostatic field strength and B.

To demonstrate the shape of the hydraulic-jump shock wave ac-
cording to I value, we need to calculate several equi-intensity lines
in the domain of Re versus v as shown in Fig. 5. For this purpose,
first we have to replace Ah terms in Eq. (15) with v by using the
relation Ah=(./6v — 3 — 3)/2. Finally, we can get the following result

5142 (A/Gv 3)|:-——(1/8 l)+B}
Re= . (16)

——+—A/6V 3(1- 3V)+

Plugging several I values into Eq. (16) we obtained the equi-inten-
sity map as in Fig. 5 by keeping K=10, H=10, &2 and B=5. When
I=0, Eq. (16) is simplified to

10%(1/8—1)+B
Re,zozf. 17)
1_4_1V+ ZVA/6V—3

If we let v=2 in the above equation, then the Reynolds number be-
comes

Re, = [ (1/e— 1)+BJ (18)

which is a cut-off Reynolds number acquired form the linear stabil-
ity analysis of a plane flow without a surface tension effect [12].
From the integrand of Eq. (15) we can predict the shape of a hy-
draulic jump to make I=0. That is, as the upstream and downstream
are flat and the face of shock wave is a cliff such as a step function,
naturally the integrand goes to zero. We can’t achieve this kind of
hydraulic-jump wave in a real physical system.

Now by selecting four different points of (a), (b), (c) and (d) to
the various I values in Fig, 5, we have illustrated the corresponding
hydraulic-jump waves in Fig. 6. At first sight it is evident that a hy-
draulic-jump wave with a higher value of intensity develops into a
bigger and steeper hump on the upstream and a deeper well on the
downstream around the jump location in comparison with a smaller.

1.35

I,3U:
125 ]
I.2U-
= I,15:
110
I.US-———-—-——-—-\

1.00

0.95

200 300 400 500 600 TU’O 800
z

0 100

Fig. 6. The hydraulic-jump waves at the points of (a), (b), (c) and
(d) in Fig. 5 to compare their shapes to the various intensi-
ties.
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In addition to this fact, we have to mention another trend of a hy-
draulic-jump wave in the negative domain of 1. To guarantee the
integration result in Eq. (15) to be negative, the shock has to be flat
without any deformation while the steep face is spreading out (the
bigger negative value means the more spreading out of the shock
face). It can be easily proved when we perform the integration of
Eq. (15) after substituting h=h+((1-h)(z,~2,))(z~z,), where the
upstream constant film thickness is h, at z=z, and the film height of
downstream is set as one at z=z, (z,>z,). Seeing the wave shape of
(a) in Fig. 6 we can understand the wave face is stretched and the
film heights in the up-and downstreams are flat in the negative 1.

For an analytical approach to a limit case, we have set v—2, i.e.
Ah—0 so that Al’, Ah® and Ah* can be neglected. Then from Eq.
(15) we get the result

51

R6=ZA—h+R€v:2. (19)

Thus we can get the differentiation result:

dRe _ 51
d(Ah)~ 4An> @0)
And reminding that Ah~./v, hence d(Ah)~v""dv. Therefore Eq. (20)
reduces to

dRe I

T @n
From this result we can anticipate the slope of dRe/dv around v=2
which is directly determined by the sign of I. We can check Fig. 6

supports this approximation very well around v=2.
NUMERICAL RESULTS

Up to now, we have sought special solutions of Eq. (6) by using
a steady moving frame which offered an easy analytical way to seek
and characterize hydraulic-jump shock waves in an ordinary differ-
ential system. However, the real evolution is time-dependent and
thus it is necessary to confirm the formation of hydraulic-jump shock
waves that will dominate all subsequent interfacial dynamics. In
this section, time-dependent problem will be treated by directly in-
tegrating Eq. (6). To solve the initial-value problem we first have to
consider the computational domain. Due to the different film heights
on the layer, here we cannot hire the periodic domain as in the pulse-
like solitary waves [12]. And it is also impossible to extend the do-
main to a sufficiently large space to include all of the wave tran-
sitions because a tremendous amount of time will be required for
the computation. Therefore, to shoot this kind of problem and secure
the laterally unbounded flow region, we have let the x-coordinate
move ahead as the wave propagates. If the speed of the coordinate
is properly tuned up, we can make the surface-wave developments
standstill.

To integrate Eq. (6), we have employed the Crank-Nicolson scheme
using the centered difference in space and forward difference in time,
and the spatial stepsize has been halved till the solutions converge.
The first and the second derivatives of the surface kept to be zero
at both ends of the computational domain, which denotes the flat
boundary conditions. And we have the initial shock wave consisting
of the flat upstream (=h>1) and downstream (h=1) with a cosine-
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Fig. 7. h, versus Re for delineating the appearance of hydraulic-
jump and time-dependent buckling waves. In the left region
of each line the hydraulic-jump shock waves always appear
while in the right region there are time-dependent buck-
ling waves. The points (a), (b), (c) and (d) are selected to
show the phenomena in Fig. 8.

descending face conjoining those two streams. An arbitrary selec-
tion of the face shape doesn’t affect finally developed profile of an
hydraulic-jump shock wave. In the integrations, we have £&=0.02,
Ca=1/3,000, B=5, H=10 and &=2 fixed while choosing K=0 or
K=10.

Prior to illustrating, the initial wave is evolving to a hydraulic-
jump shock wave in the t—x domain, through a lot of computations
with various h, and Re values we have built up a diagram dividing
two regions in a h—Re, that is, one stands for the appearance of hy-
draulic-jump shock waves and the other for the time-dependent buck-
ling waves which make the flow unstable with many dimples on
the upstream in the long run.

The results of the numerical calculations are summarized in Fig.
7, showing two curves in a h—Re plane. Each curve represents the
borderline between the existence of hydraulic-jump and time-de-
pendent buckling waves. The right one is calculated in the absence
of an electrostatic field (K=0) while the left one is in the presence
of an electrostatic field (K=10). We have found that within the left
region of each curve there always exists a hydraulic-jump wave
and beyond it to the right there appears a time-dependent buckling
wave. Note that the curve moves left as an electrostatic field gets
stronger, which means the area where hydraulic-jump wave can
exist gets smaller and smaller. The applied electrostatic field ren-
ders the hydraulic-jump wave more unstable to a buckling. These
facts are exhibited in Fig. 8 by choosing the points of (a), (b), (c)
and (d) in Fig. 7. Here we have selected Re as 5.5, 6.0, 6.8 and 7.5
but kept has 1.02.

In Fig. 8, the lowest surface wave is an initial condition for the
integration of Eq. (6). With the time interval between adjacent lines,
i.e., At=50, the shape of the surface wave is recorded and piled up.
As expected in Fig. 7, once the initial surface waves in (a) and (c)
have reached the hydraulic-jump shock waves they propagate down-
streams holding on their shapes without any dissipation, on the other
hand in (b) and (d) the time-dependent ripples and bucklings are
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Fig. 9. The evolution of a shock wave instability when an extremely
high electrostatic field such as K=50 has been applied.

detected. The applied electrostatic field certainly makes the Rey-
nolds number retaining the hydraulic-jump wave smaller and the
flow more unstable. Here both speeds of actual wave and x-coor-
dinate are around 2.04.

Now we will focus on the effect of a strong electrostatic field on

the film evolution. To do this, the integration was performed again
with the much strongly applied electrostatic field, K=50 but rather
smaller Reynolds number Re=3. The rapid growth of the surface
wave makes the shock face steeper and generates big time-depen-
dent bucklings on the upstream site as in Fig. 9. As the shock wave
gets higher, the local phase speed of the wave is accelerating. There-
fore, the traveling speed of the shock crest on the upstream is greater
than that of the downstream. Accordingly the shock wave will soon
break and show a catastrophic behavior. In Fig. 9 the computation
work with the Crank-Nicolson method is terminated at t=120. To
magnify the graph in Fig. 9, we have the range of x coordinate in
Fig. 9 shorten to a half of that in Fig. 8.

Finally, we have charcterized the hydraulic-jump shock wave
calculated from our numerical study as the relationship between its
maximum height and the Reynolds number (see Fig. 10). The black
symbols denote the results without an electrostatic field and empty
ones are at K=10. Letting the upstream thickness take up three val-
ues such as 1.06, 1.1 and 1.16, the maximum heights of hydraulic-
jump shock waves are computed by changing the Reynolds num-
ber from one to four, respectively. The results are plotted on the do-
main of h,,,—h, versus Re, where we have adopted h,,,—h, instead
of h,,,. because we have to focus only on how much Reynolds num-
ber and upstream thickness disturb the surface wave dynamically
comapred with the upstream thickness. Qualitatively, in the small
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Fig. 10. (h,,.—h) versus Re for h=1.06, 1.1 and 1.16 according to
K=0 and K=10, respectively.

Reynolds number region from around 1 to 2.5, h,,.~h, grows lin-
early. But over some Reynolds number, i.e. beyond about 2.5, the
growing rates of h,,,—h, with increasing Re become faster and faster.
Also the increasing rate is affected by both h,and K.

CONCLUSIONS

First, the hydraulic-jump behavior of a thin fluid layer flowing
down an inclined plane under an electrostatic field is investigated
by employing a global bifurcation theory. The existence of hydrau-
lic-hump wave has been found from heteroclinic trajectories of an
linearized ordinary differential Eq. (11) which is transformed from
the nonlinear surface-wave evolution mechanism defined by Eq.
(6). That is, introducing a steady moving frame into Eq. (6) we have
obtained the third-order ordinary differential Eq. (11), and then the
existence of hydraulic-jump wave and its orbit heteroclinic to the
fixed points in the three dimensional phase space has been searched
by the structural stability theory. Next, the intensity I of a hydraulic-
jump shock wave has been newly defined to see the relative signifi-
cance of the parameters involing the hydraulic-jump wave gestation.
And some special region of the equi-intensity in a v—Re domain
has been turned out to be associated with the critical Reynolds num-
ber in the linear stability theory. An applied electrostatic field makes
the hydraulic-jump shock wave have a steeper face and higher am-
plitude. Finally, the direct integration of Eq. (6) has been carried
out to find the existence of a time-dependent hydraulic-jump wave,
and to confirm if the characteristics found in a moving frame match
with the results of the numerical simulations. In this numerical study,
the h—Re region has been divided into two parts: one is for the ap-
pearance of hydraulic-jump shock waves, and the other for com-
ing-out of the time-dependent buckling waves. And an electrostatic
field shrinks the area of the former region and when even higher
electrostatic field is applied we have obtained a catastrophic break-
ing wave, in other words, it acts as an instability factor to the hy-
draulic-jump shock wave. Considering all of these facts calculated
from the nonlinear dynamics, the characteristics of hydraulic-jump
shock waves defined in the evolution Eq. (6) have shown that the
increasing upstream film thickness as well as a stronger electrostatic-
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field application makes the hydraulic-jump shock wave running
down an inclined plane vulnerable to instability.
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NOMENCLATURE

: cotf

: capillary number

: characteristic film thickness

: electrostatic potential of foil

: Froude number

: gravity

: dimensionless distance from plane to charged foil
: local film thickness

: relative intensity of hydraulic jump

: dimensionless electric force constant

: characteristic length scale parallel to plane
: Reynolds number

: dimensionless time

: characteristic velocity parallel to plane

h

U, :h’

U, :h”

h,  :dimensionless thickness of the upstream

\ : dimensionless wave velocity

X : dimensionless distance coordinate parallel to plane
z TX—vt

cCoTFOAmToIR ITAeQW

Greek Letters

yoj : inclination angle of plane with the horizontal
Ah  :h-1

e gl

& : dielectric constant of air

g : dielectric constant of liquid
u : viscosity of liquid

& :d/L

P : mass density of liquid

o} : surface tension of liquid
Superscripts

' : derivative with z

t : transpose of a vector
Subscripts

max :maximum value

t : partial derivative with t

X : partial derivative with x
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